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E-mail address: chwu@mail.ncku.edu.tw (C. Hwu)In this study, an extended Stroh formalism for two-dimensional linear anisotropic viscoelasticity is devel-
oped for the problems of interface corners between two dissimilar viscoelastic materials. In this formal-
ism, the solutions for the displacements and stress functions in the time domain can be written in the
form of a matrix function using complex variables. The correspondence relations for viscoelastic analysis
are then obtained and veriﬁed for material eigenvectors, displacement and stress eigenfunctions, singu-
larity orders of stresses, and stress intensity factors. Explicit solutions for the material eigenvector matri-
ces in the Laplace domain are also obtained for standard linear and isotropic linear viscoelastic solids. To
calculate the singularity orders and stress intensity factors of the interface corners, four different
approaches are proposed. Through numerical examples on cracks, interface cracks, and interface corners,
an approach using the path-independent H-integral in the Laplace domain with an elastic near-tip solu-
tion, which takes the correspondence relations for singularity orders and stress intensity factors, is dem-
onstrated to be better than the other three approaches.
 2012 Elsevier Ltd. All rights reserved.1. Introduction
Polymeric materials, which are primarily viscoelastic materials,
have been widely used in engineering applications, such as for the
underﬁll and molding compound applied to protect the C4 (Con-
trolled Collapse Chip Connection) bump or chip within electronic
packages from harmful environments. To promote the develop-
ment of new materials for modern industries, considerable atten-
tion has been devoted to investigating the viscoelastic behavior
of different anisotropic polymer systems, such as polymer nano-
composites, polymer liquid crystals (LCs), cross-linked LC elasto-
mers, and polymer suspensions, which may possess anisotropic
viscoelastic properties (Volkov, 2005; Selivanov, 2010). The inter-
face corners between two dissimilar materials are structural con-
ﬁgurations that commonly appear within engineering objects.
Due to the discontinuities in the geometry and material properties
of the interface corners, a considerable number of failures initiate
from these critical regions. Therefore, there is an urgent need for
fracture analyses to estimate the safe limits and fracture modes
at the interface corners in viscoelastic materials.
To understand the mechanical behavior of viscoelastic materi-
als, solutions for the deformations and stresses are generally re-
quired. In this paper, the Stroh formalism (Stroh, 1958; Ting,
1996; Hwu, 2010) for anisotropic elasticity and the correspon-
dence principle (Read, 1950; Sips, 1951; Brull, 1953; Lee, 1955) be-ll rights reserved.
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.tween linear elasticity and linear viscoelasticity will be utilized to
derive the general solutions of viscoelasticity, which will then be
called an extended Stroh formalism for linear anisotropic visco-
elasticity. If the boundary of a viscoelastic body is invariant with
time, the correspondence principle is generally employed to obtain
the viscoelastic solutions from the corresponding elastic solutions.
To utilize the correspondence principle, it is necessary to clearly
state the correspondence relations of certain important matrices
used in the Stroh formalism, such as the material eigenvector
matrices A and B and the complex function vector f for the general
viscoelastic problems. Through a detailed mathematical derivation,
the correspondence relations for A, B and f will subsequently be
provided in this paper.
For the problems of interface corners, it is important to
know the correspondence relations of the fracture parameters,
such as the singular orders da, the matrix of the singular orders
D, the eigenfunction matrices of the displacements and the stress
functions V and K, and the stress intensity factors k. However,
although many related research works have been published, such
as the cracks/corners in homogeneous viscoelastic media (Atkinson
and Bourne, 1989; Bourne and Atkinson, 1990; Lee, 1997;
Han et al., 2001a; Shkaraev and Savruk, 2002) and the interface
cracks/corners between two dissimilar viscoelastic materials
(Lee, 1998; Han et al., 2001b; Kay et al., 2002; Hsiao et al., 2004;
Chang, 2004), no clear correspondence relations for the fracture
parameters have been proposed. Therefore, another important goal
of this paper is to provide the correspondence relations for
da;D;V;K, and k.
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vide a rigorous proof for the correspondence relations of the afore-
mentioned fracture parameters. Therefore, in this paper, their
relations were assumed before the veriﬁcation based on the knowl-
edge of general relations for stresses, strains, and elastic stiffness-
es. Through the proper assumptions for the correspondence
relations of the fracture parameters and the known calculation
methods for the associated elastic interface corners (Hwu and
Kuo, 2007; Hwu et al., 2009; Kuo and Hwu, 2010; Hwu and Kuo,
2010), four different approaches are proposed in this paper to cal-
culate the singular orders and stress intensity factors in the time
domain. These approaches are (1) the time domain H-integral with
elastic near-tip solutions, (2) the time domain H-integral with vis-
coelastic near-tip solutions, (3) the Laplace domain H-integral with
elastic near-tip solutions, and (4) the time domain deﬁnition of
stress intensity factors.
When using correspondence relations to obtain results in the
time domain from the associated values in the Laplace domain, a
numerical method is required to perform the inversion of the La-
place transform. Therefore, before verifying the correspondence
relations of the fracture parameters through proper numerical
examples, a detailed survey on the numerical Laplace inversion
has also been conducted and tested in this study, including Scha-
pery’s collocation method (Schapery, 1962), the Stehfest method
(Stehfest, 1970), and the inversion through curve ﬁtting of partic-
ular functions. The majority of the examples demonstrate that
Schapery’s collocation method is the most appropriate inversion
method for the approaches proposed in this paper; therefore, no
description of the other methods is provided.
To verify the correctness of the proposed correspondence rela-
tions and to demonstrate the approach that is more appropriate
for calculating the singular orders and stress intensity factors,
three representative numerical examples are presented and dis-
cussed in this paper. These examples include a crack in a homoge-
neous viscoelastic material, an interface crack between two
dissimilar viscoelastic materials, and an interface corner between
a viscoelastic material and an elastic material.2. Extended Stroh formalism for linear anisotropic
viscoelasticity
In a ﬁxed Cartesian coordinate system, xi; i ¼ 1;2;3, the consti-
tutive law for homogeneous linear anisotropic viscoelastic materi-
als, the strain–displacement relation for small deformations, and
the equilibrium equation for the static loading condition can be
written as
rij ¼ Cijkl  dekl; eij ¼ ðui;j þ uj;iÞ=2; rij;j ¼ 0; ð2:1Þ
where i; j; k; l ¼ 1;2;3; repeated indices imply summation, and a
comma represents differentiation; ui  uiðx; tÞ; eij  eijðx; tÞ, and
rij  rijðx; tÞ are the displacements, strains, and stresses, respec-
tively, in which x ¼ ðx1; x2; x3Þ denotes the spatial coordinate and t
denotes time; Cijkl  CijklðtÞ is the elastic stiffness tensor whose com-
ponents are also known as the relaxation functions of viscoelastic
materials, and the symmetry of stress and strain implies
CijklðtÞ ¼ CjiklðtÞ ¼ CijlkðtÞ; the operator  denotes the Stieltjes convo-
lution, i.e.,
uðtÞ  dwðtÞ ¼
Z t
1
uðt  sÞdwðsÞ
¼ uðtÞwð0Þ þ
Z t
0
uðt  sÞ @wðsÞ
@s
ds; ð2:2Þ
where the second equality is obtained under the condition that
wðtÞ ¼ 0 when t < 0.By combining the three sets of equations given in (2.1) and
applying the symmetric property of relaxation functions, we obtain
Cijkl  duk;lj ¼ 0: ð2:3Þ
For a two-dimensional deformation in which uk; k ¼ 1;2;3 depend
only on x1 and x2, a general solution for uk can be assumed as
ukðx; tÞ ¼ akðtÞ  df ðz; tÞ; ð2:4aÞ
or
ukðx; tÞ ¼
Z t
1
akðt  sÞdf ðz; sÞ
¼ akðtÞf ð0Þ þ
Z t
0
akðt  sÞ @f ðz; sÞ
@s
ds; ð2:4bÞ
where
z ¼ x1 þ lx2: ð2:4cÞ
Substituting Eqs. (2.4) into (2.3), we obtain
Ci1k1  dak  df 00 þ ðCi1k2 þ Ci2k1Þ  dak  d½lf 00  þ Ci2k2  dak  d½l2f 00 ¼ 0;
ð2:5aÞ
in which
f 00 ¼ @
2f ðz; tÞ
@z2
: ð2:5bÞ
If l is independent of time, which will be proven later for standard
linear viscoelastic materials, (2.5) will lead to
Dik  dak  df 00 ¼ 0; or;
Z t
1
Z ts
1
Dikðt  sxÞdakðxÞdf 00ðz; sÞ ¼ 0;
ð2:6aÞ
where
Dik ¼ Ci1k1 þ lðCi1k2 þ Ci2k1Þ þ l2Ci2k2: ð2:6bÞ
By taking the Laplace transform of Eq. (2.6a), we obtain
s2 Dikak f 00 ¼ 0; ð2:7Þ
where the over-breve, , denotes the Laplace transform deﬁned by
f ðsÞ ¼
Z 1
0
f ðtÞestdt  Lff ðtÞg: ð2:8Þ
To satisfy Eq. (2.7) for any s and f 00, the value of Dikak should be zero.
Written in matrix form, we have
fQ þ lðR þ RTÞ þ l2Tga ¼ 0; ð2:9aÞ
where
Qik ¼ sCi1k1ðsÞ; Rik ¼ sCi1k2ðsÞ; Tik ¼ sCi2k2ðsÞ; i; k ¼ 1;2;3:
ð2:9bÞ
Note that at this stage, the values of l and a are not inﬂuenced by
multiplication of the transform variable s for Qik;Rik and Tik deﬁned
in Eq. (2.9b) because the right- hand side of the equality Eq. (2.9a) is
zero. Here, the appearance of the multiplication factor s is entirely
due to the correspondence principle that is presented later in this
section.
After obtaining l and a from (2.9), a (whose kth component is
ak) can be obtained by the Laplace inversion of a. Because (2.9) is
exactly the same as that for an anisotropic elastic material, which
has been proven to have three pairs of complex conjugates l to
guarantee a positive strain energy density (Ting, 1996; Hwu,
2010), we may let
lkþ3 ¼ lk; akþ3 ¼ ak; k ¼ 1;2;3; ð2:10Þ
where the over-bar denotes the complex conjugate. If the stress
functions /i; i ¼ 1;2;3, are introduced as
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the substitution of (2.4a) into (2.1)1,2 will lead to
/i ¼ bi  df ðzÞ; or /iðx; tÞ ¼
Z t
1
biðt  sÞdf ðz; sÞ; ð2:12aÞ
where
bi ¼ ðCi2k1 þ lCi2k2Þ  ak ¼ 1l ðCi1k1 þ lCi1k2Þ  ak: ð2:12bÞ
By taking the Laplace transform of (2.12b), the results can be writ-
ten in matrix form as
b ¼ ðR þ lTÞa ¼ 1
l
ðQ þ lRÞa: ð2:13Þ
Combining the results of (2.4a) and (2.12a), the general solutions in
the time domain for the two-dimensional linear anisotropic visco-
elasticity can be written in matrix form as
uðx; tÞ ¼ 2RefAðtÞ  dfðz; tÞg; /ðx; tÞ ¼ 2RefBðtÞ  dfðz; tÞg
ð2:14aÞ
and
u ¼
u1
u2
u3
8><
>:
9>=
>;; / ¼
/1
/2
/3
8><
>:
9>=
>;; fðz; tÞ ¼
f1ðz1; tÞ
f2ðz2; tÞ
f3ðz3; tÞ
8><
>:
9>=
>;;
AðtÞ ¼ ½a1ðtÞ a2ðtÞ a3ðtÞ ; BðtÞ ¼ ½b1ðtÞ b2ðtÞ b3ðtÞ ;
zk ¼ x1 þ lkx2; k ¼ 1;2;3;
ð2:14bÞ
where Re represents the real part.
2.1. Correspondence principle
Taking the Laplace transform of (2.1) yields
rijðsÞ ¼ sCijklðsÞeklðsÞ; eijðsÞ ¼ 12 ui;jðsÞ þ uj;iðsÞ
 
; rij;jðsÞ ¼ 0;
ð2:15Þ
which are identical to the basic equations of linear anisotropic elas-
ticity. Thus, if the boundary of a viscoelastic body is invariant with
time, the viscoelastic solutions in the Laplace domain can be ob-
tained directly from the solutions of the corresponding elastic prob-
lems by replacing the elastic stiffness tensor Cijkl with sCijklðsÞ. This
statement is the so-called correspondence principle between linear
elasticity and linear viscoelasticity (Read, 1950; Sips, 1951; Brull,
1953; Lee, 1955) and is applicable to anisotropic viscoelastic
materials.
By applying the correspondence principle and Stroh formalism
for two-dimensional linear anisotropic elasticity (Ting, 1996;
Hwu, 2010), the general solutions satisfying the 15 partial differen-
tial equations (2.15) can be written as
uðx; sÞ ¼ 2RefAsðsÞfsðz; sÞg; /ðx; sÞ ¼ 2RefBsðsÞfsðz; sÞg; ð2:16aÞ
where
u ¼
u1
u2
u3
8><
>:
9>=
>;; / ¼
/1
/2
/3
8><
>:
9>=
>;; fsðz; sÞ ¼
f s1ðz1; sÞ
f s2ðz2; sÞ
f s3ðz3; sÞ
8><
>:
9>=
>;;
AsðsÞ ¼ ½as1ðsÞ as2ðsÞ as3ðsÞ ; BsðsÞ ¼ ½bs1ðsÞ bs2ðsÞ bs3 ðsÞ;
zk ¼ x1 þ lskx2; k ¼ 1;2;3;
ð2:16bÞu and / are the displacement and stress function vectors in the La-
place domain, respectively, and /i is related to the stresses in the
Laplace domain by
ri1 ¼ /i;2; ri2 ¼ /i;1: ð2:17Þ
fsðzÞ is a function vector composed of three holomorphic complex
functions f saðzaÞ; a ¼ 1;2;3, that will be determined through the
satisfaction of the boundary conditions. lsa and ðasa;bsaÞ are the
material eigenvalues and eigenvectors, which can be determined
by the following eigenrelations:
Nn ¼ ln; ð2:18aÞ
where N is a 66 fundamental elasticity matrix and n is a 6  1 col-
umn vector deﬁned by
N ¼ N1 N2
N3 N
T
1
 
; n ¼ a
b
 
ð2:18bÞ
and
N1 ¼ T1RT ; N2 ¼ T1 ¼ NT2; N3 ¼ RT1RT  Q ¼ NT3:
ð2:18cÞ
In (2.18), the superscript T denotes the transpose of a matrix.Q, R,
and T are three 33 real matrices deﬁned in (2.9b). The subscript
or superscript s denotes the value in the Laplace domain.By taking
the Laplace transform of (2.14a) and comparing the results with
(2.16a), we see that
A ¼ As; B ¼ Bs; sf ¼ fs ð2:19Þ
and the eigenrelation (2.18) can be derived from (2.13).
3. Material eigenvalues and eigenvectors
From the general solutions derived in (2.14) for the time do-
main and in (2.16) for the Laplace domain, we see that the material
eigenvalues, lsa, and the material eigenvector matrices, AsðsÞ and
BsðsÞ, play important roles in the extended Stroh formalism for lin-
ear anisotropic viscoelasticity. Although these parameters can be
determined from the eigenrelation presented in (2.18), due to the
dependence on the transform variable s, it is inconvenient for
numerical programming. Using the correspondence principle, an
alternative and more direct route for calculating the material
eigenvalues and eigenvectors can be found from the explicit
expressions obtained by the Lekhnitskii formalism for two-dimen-
sional linear anisotropic elasticity (Lekhnitskii, 1968; Ting, 1996;
Hwu, 2010). From the explicit expressions shown in Eqs. (2.15)
and (3.27) of Hwu (2010) for two-dimensional linear anisotropic
elastic materials, we see that the material eigenvalues and their
associated eigenvectors are directly related to the reduced elastic
compliances, S^ij. Through the correspondence principle, simply
replacing S^ij with sSrijðsÞ can make these expressions applicable to
linear anisotropic viscoelastic materials. That is, for linear aniso-
tropic viscoelastic materials, the material eigenvalues can be deter-
mined from the following characteristic equation
l2ðlÞl4ðlÞ  l23ðlÞ ¼ 0; ð3:1aÞ
where
l2ðlÞ ¼ lq5  q4; l3ðlÞ ¼ l2q1 þ q2  lq6; l4ðlÞ
¼ l2p1 þ p2  lp6; ð3:1bÞ
pjðlÞ ¼ s½l2Srj1 þ Srj2  lSrj6; qjðlÞ ¼ s½lSrj5  Srj4; j
¼ 1;2;4;5;6: ð3:1cÞ
In (3.1c), Srij; i; j ¼ 1;2;4;5;6, are deﬁned by
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Si3S3j
S33
; ð3:2Þ
where Sij is the contracted notation of the Laplace transform of the
elastic compliance tensor, SijklðtÞ, which are also known as the creep
functions. The constitutive law of linear anisotropic viscoelastic
materials can be written in terms of the creep functions as
eijðx; tÞ ¼ SijklðtÞrklðx;0Þ þ
Z t
0
Sijklðt  sÞ @rklðx; sÞ
@s
ds: ð3:3Þ
The material eigenvector matrices, As and Bs, of (2.16) can then
be directly determined through
As ¼
c1a11 c2a12 c3a13
c1a21 c2a22 c3a23
c1a31 c2a32 c3a33
2
64
3
75; Bs ¼
c1l1 c2l2 c3l3k3
c1 c2 c3k3
c1k1 c2k2 c3
2
64
3
75;
ð3:4aÞ
where
a1k ¼ p1ðlkÞ þ kkq1ðlkÞ; a2k ¼ ½p2ðlkÞ þ kkq2ðlkÞ=lk;
a3k ¼ ½p4ðlkÞ þ kkq4ðlkÞ=lk; k ¼ 1;2;
a13 ¼ k3p1ðl3Þ þ q1ðl3Þ; a23 ¼ ½k3p2ðl3Þ þ q2ðl3Þ=l3;
a33 ¼ ½k3p4ðl3Þ þ q4ðl3Þ=l3;
k1 ¼ l3ðl1Þl2ðl1Þ
; k2 ¼ l3ðl2Þl2ðl2Þ
; k3 ¼ l3ðl3Þl4ðl3Þ
ð3:4bÞ
and
c2k ¼
1
2ða2k  lka1k  kka3kÞ
; k ¼ 1;2;
c23 ¼
1
2ða23k3  l3a13k3  a33Þ
: ð3:4cÞ
Note that the above formulations apply to the cases of general-
ized plane strain, which is the same as with two-dimensional
anisotropic elasticity problems. For problems of generalized plane
stress, the transformed elastic stiffnesses, Cij, and the reduced
transformed elastic compliances, Srij, should be replaced by the re-
duced transformed elastic stiffnesses, Crij, and the transformed elas-
tic compliances, Sij, respectively.
3.1. Standard linear viscoelastic solids
The standard linear viscoelastic solid is a mechanical model
whose relaxation functions can be written in the following form
CijðtÞ ¼ C1ij þ ðC0ij  C1ij Þet=x; i; j ¼ 1;2;3;4;5;6; ð3:5Þ
where C0ij and C
1
ij are the elastic stiffnesses at the initial and ﬁnal
states, respectively, and the parameter x is the relaxation time that
determines the rate of decay. Due to the relaxation effect, we may
let
C1ij ¼ qC0ij; 0 < q < 1: ð3:6Þ
By substituting (3.6) into (3.5) and taking the Laplace transform, we
obtain
Cij ¼ qþ sxsð1þ sxÞC
0
ij; ð3:7aÞ
or in matrix form
C ¼ 1
s2kðsÞC
0; kðsÞ ¼ 1þxs
sðqþxsÞ : ð3:7bÞ
By taking the Laplace transform of (2.1)1 and (3.3) and multiplying
their results, we obtains2CS ¼ I ¼ s2SC; ð3:8Þ
where S is the matrix form expression of Sij and I is a 6 6 identity
matrix. Using relations (3.7b) and (3.8) together with the deﬁnition
provided in (3.2) for the reduced transformed compliances, Srij, we
now obtain
Srij ¼ kðsÞSr0ij ð3:9aÞ
where Sr0ij are the reduced elastic compliances at the initial state, i.e.,
Sr0ij ¼ S0ij 
S0i3S
0
3j
S033
; ð3:9bÞ
With the results of (3.9), the characteristic Eq. (3.1) becomes
s2k2ðsÞ½l02ðlÞl04ðlÞ  l023 ðlÞ ¼ 0; ð3:10Þ
which reveals that the material eigenvalues, l, are independent of
the transform variable s and are therefore independent of time.
With (3.9), the material eigenvector matrices AsðsÞ and BsðsÞ can
also be demonstrated to be related to the initial values A0 and B0
by
AsðsÞ ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
skðsÞ
q
A0; BsðsÞ ¼ B0=
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
skðsÞ
q
: ð3:11Þ3.2. Isotropic linear viscoelastic solids
Consider an isotropic linear viscoelastic solid whose relaxation
functions can be written in the following matrix form
CijðtÞ ¼
kðtÞ þ 2GðtÞ kðtÞ kðtÞ 0 0 0
kðtÞ kðtÞ þ 2GðtÞ kðtÞ 0 0 0
kðtÞ kðtÞ kðtÞ þ 2GðtÞ 0 0 0
0 0 0 GðtÞ 0 0
0 0 0 0 GðtÞ 0
0 0 0 0 0 GðtÞ
2
666666664
3
777777775
;
ð3:12Þ
where kðtÞ and GðtÞ are the Lame constants and GðtÞ is usually called
the shear modulus. With the material properties given in (3.12), it
can be shown that the reduced transformed compliances Srij are re-
lated by
Sr11 ¼ Sr22 ¼ ð2Sr12 þ Sr66Þ=2; Sr12 ¼ Sr21; Sr44 ¼ Sr55 ¼ Sr66;
all other Srij ¼ 0: ð3:13Þ
With the relations (3.13), the characteristic Eq. (3.1) becomes
s2Sr11S
r
44ðl2 þ 1Þ3 ¼ 0; ð3:14Þ
which demonstrates that the material eigenvalues are the repeated
roots of
l ¼ i: ð3:15Þ
That is, the material eigenvalues of isotropic linear viscoelastic sol-
ids are independent of the transform variable s and are conse-
quently independent of time. Because the material eigenvalues
are repeated and a sufﬁcient number of independent material
eigenvectors cannot be found for this degenerate case, the material
eigenvector matrices As and Bs do not exist. To employ the Stroh
formalism to the degenerate cases, which is constructed under
the assumption that all material eigenvalues are distinct, a small
perturbation can be made on the material properties of isotropic
viscoelastic solids. For example, if the material properties are per-
turbed such that
Sr22 ¼ ð1 e2ÞSr11; e : a small positive number ð3:16Þ
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l1 ¼ i
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1þ e
p
; l2 ¼ i
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1 e
p
; l3 ¼ i ð3:17Þ
and
As ¼
½ð1þ eÞ þ cc1sSr11 ½ð1 eÞ þ cc2sSr11 0
ið1 e cÞ ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ1þ ep c1sSr11 ið1þ e cÞ ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ1 ep c2sSr11 0
0 0 ic3sSr44
2
664
3
775;
Bs ¼
i ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ1þ ep c1 i ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ1 ep c2 0
c1 c2 0
0 0 c3
2
64
3
75;
ð3:18aÞ
where
c ¼
Sr12
Sr11
; c21 ¼
i
4e
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1þ ep sSr11
; c22 ¼
i
4e
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1 e
p
sSr11
; c23 ¼
i
2sSr11
:
ð3:18bÞ
To more clearly demonstrate the behavior of isotropic linear
viscoelastic solids, two common cases are considered below. The
ﬁrst case employs a constant bulk modulus, whereas the other em-
ploys a constant Poisson’s ratio. Note that these two cases are too
simple to reﬂect the actual mechanical behavior of viscoelastic sol-
ids. The former is based on the assumption of elastic behavior in
dilatation, and the latter is based on the assumption of synchro-
nous shear and bulk moduli. Several studies, e.g., Tscharnuter
et al. (2011) and Chowdhuri and Xia (2012), have revealed that
these assumptions can signiﬁcantly inﬂuence the obtained results.
However, gathering accurate time dependent data for viscoelastic
properties is difﬁcult and time consuming (Brinson and Brinson,
2008), and accurately representing the viscoelastic materials is
not the primary subject of this paper. Therefore, for the conve-
nience of our discussions, these two common assumptions are still
considered as special cases of isotropic viscoelastic materials.
(i) jðtÞ ¼ constant
Consider the case of an isotropic medium characterized by the
shear and bulk relaxation functions GðtÞ and jðtÞ. If the bulk mod-
ulus, j, is a constant and the shear modulus, G, follows the form of
the function given in (3.5), i.e.,jðtÞ ¼ constant; GðtÞ ¼ G1 þ ðG0  G1Þet=x ð3:19Þ
and G1 ¼ qG0, with the known relationkðtÞ ¼ jðtÞ  2
3
GðtÞ; ð3:20Þit can easily be shown that the elastic stiffness (3.12) will not satisfy
the requirement (3.5) for standard linear viscoelastic solids. Thus,
the relations obtained in (3.6)–(3.11) should all be re-derived. By
following the same method described in (3.6)–(3.11) for this type
of isotropic linear viscoelastic solid, we obtainMat. 2 
0θ
1 0θ =2θ
1x
2x
θ
r Sr11 ¼ Sr22 ¼
kðsÞ
4G0
1þ 3G
0
G0 þ 3jskðsÞ
( )
;
Sr12 ¼ Sr21 ¼
kðsÞ
4G0
1þ 3G
0
G0 þ 3jskðsÞ
( )
;
Sr44 ¼ Sr55 ¼ Sr66 ¼
kðsÞ
G0
; all other Srij ¼ 0: ð3:21ÞMat. 1 
Fig. 1. A viscoelastic interface corner.Substituting (3.21) into (3.17) and (3.18), one can obtain the mate-
rial eigenvalues la and the material eigenvector matrices As;Bs in
the Laplace domain. Note that the ﬁnal results of As and Bs cannot
be written by the relations (3.11) for general standard linearviscoelastic solids because the requirement (3.5) is not satisﬁed
for this type of isotropic linear viscoelastic solid.
(ii) mðtÞ ¼ constant
Consider an isotropic linear viscoelastic solid whose Poisson’s
ratio, m, and shear modulus, G, are.
mðtÞ ¼ constant; GðtÞ ¼ G1 þ ðG0  G1Þet=x; G1 ¼ qG0:
ð3:22Þ
It is known that the Lame constant, kðtÞ, is related to the Poisson’s
ratio, mðtÞ, and the shear modulus, GðtÞ, by
kðtÞ ¼ 2GðtÞmðtÞ
1 2mðtÞ : ð3:23Þ
By substituting (3.23) into (3.12) and using (3.22), it can be shown
that the elastic stiffness (3.12) will satisfy the requirement (3.5) for
standard linear viscoelastic solids and that all of the relations given
in (3.6)–(3.11) will be valid for this type of isotropic linear visco-
elastic solid. With (3.22), the reduced transformed elastic compli-
ances Srij are obtained as
Sr11 ¼ Sr22 ¼
1 m
2G0
kðsÞ; Sr12 ¼ Sr21 ¼
m
2G0
kðsÞ;
Sr44 ¼ Sr55 ¼ Sr66 ¼
kðsÞ
G0
; all other Srij ¼ 0:
ð3:24Þ
Substituting (3.24) into (3.18), we obtain
As ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
skðsÞ
p
2G0
e1ð1 mÞ½ð1þ eÞ þ c e2ð1 mÞ½ð1 eÞ þ c 0
ie1ð1 mÞð1 e cÞ
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1þ ep ie2ð1 mÞð1þ e cÞ
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1 e
p
0
0 0 2ie3
2
64
3
75;
Bs ¼ 1ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
skðsÞ
p ie1
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1þ ep ie2
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1 e
p
0
e1 e2 0
0 0 e3
2
64
3
75;
ð3:25aÞ
where
e1 ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
iG0
2ð1 mÞe ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ1þ ep
s
; e2 ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
iG0
2ð1 mÞe
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1 e
p
s
; e3 ¼
ﬃﬃﬃﬃﬃﬃﬃ
iG0
2
s
:
ð3:25bÞ
The explicit expressions of As and Bs obtained in (3.25) are in the
form of (3.11) for general standard linear viscoelastic solids.
4. Interface corners in viscoelastic materials
Consider an interface corner between two dissimilar anisotropic
viscoelastic materials (Fig. 1) in which a local polar coordinate sys-
tem ðr; hÞ is speciﬁed at the corner tip. Perfect bonding is assumed
along the interface, and a traction-free assumption is imposed on
the corner ﬂanks, which can be mathematically expressed as
(Hwu, 2010)
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traction-free condition : /1ðh0; tÞ ¼ /2ðh2; tÞ ¼ 0; ð4:1bÞ
where the subscripts 1 and 2 represent the values related to mate-
rial 1 and material 2; the argument 0 denotes the value on the inter-
face whose h ¼ 0; while h0 and h2 represent the values on the corner
ﬂanks. Taking the Laplace transform on the continuity and bound-
ary conditions (4.1), we obtain
u1ð0; sÞ ¼ u2ð0; sÞ; /1ð0; sÞ ¼ /2ð0; sÞ;
/1ðh0; sÞ ¼ /2ðh2; sÞ ¼ 0:
ð4:2Þ
Because the mathematical form of the basic Eqs. (2.15), the general
solutions (2.16), and the boundary conditions (4.2) are identical to
those of the corresponding problem of elastic interface corners,
when the correspondence principle is employed, the solution for
viscoelastic interface corners should also exhibit the same mathe-
matical form as the solution for elastic interface corners. Thus, by
referring to the near-tip solutions presented in Hwu (2012) for
the interface corner between two dissimilar anisotropic elastic
materials, we may write the near-tip solutions in the Laplace do-
main for the interface corner between two dissimilar viscoelastic
materials as follows.
uðr; h; sÞ ¼ rﬃﬃﬃﬃﬃﬃﬃﬃ
2p‘
p Vsðh; sÞ < ðr=‘Þ
dsaðsÞ
1 dsaðsÞ
> K1s ð0; sÞksðsÞ;
/ðr; h; sÞ ¼ rﬃﬃﬃﬃﬃﬃﬃﬃ
2p‘
p Ksðh; sÞ < ðr=‘Þ
dsaðsÞ
1 dsaðsÞ
> K1s ð0; sÞksðsÞ;
ð4:3Þ
where Vsðh; sÞ and Ksðh; sÞ are eigenfunction matrices of the dis-
placements and stress functions, dsaðsÞ and ksðsÞ are the singular or-
ders and stress intensity factors, and the subscript or superscript s
denotes the values in the Laplace domain. ‘ is a length parameter
that may be chosen arbitrarily. The angular bracket hi represents
a diagonal matrix in which each component is varied according to
the subscript a, e.g., < za >¼ diag: z1; z2; z3½ . By using the stress
function obtained in (4.3), the surface traction r along the h ¼ 0
direction in the Laplace domain can be written in a matrix power
function form as (Hwu, 2012)
rðr;0; sÞ ¼ 1ﬃﬃﬃﬃﬃﬃﬃﬃ
2p‘
p ðr=‘ÞDsðsÞksðsÞ; ð4:4aÞ
where DsðsÞ is the matrix of singular orders deﬁned by
DsðsÞ ¼ Ksð0; sÞ < dsaðsÞ > K1s ð0; sÞ: ð4:4bÞ
The matrix power function ðr=‘ÞDsðsÞ can be calculated by
ðr=‘ÞDsðsÞ ¼ Ksð0; sÞ < ðr=‘Þd
s
aðsÞ > K1s ð0; sÞ: ð4:4cÞ
For the case of logarithmic singularity, one may refer to Hwu (2012)
for the necessary revision on (4.3) and (4.4). By the near-tip solution
(4.4a), the stress intensity factors ksðsÞ in the Laplace domain can be
deﬁned as
ksðsÞ ¼ lim
r!0
ﬃﬃﬃﬃﬃﬃﬃﬃ
2p‘
p
ðr=‘ÞDsðsÞrðr;0; sÞ: ð4:5Þ
To determine the singular orders dsaðsÞ and the stress intensity fac-
tors ksðsÞ of the Laplace domain solutions, one may follow the
method presented in Hwu and Kuo (2007) for the interface corner
between two dissimilar anisotropic elastic materials. After obtain-
ing the solutions for the displacements u, stress functions / and
stresses r in the Laplace domain, their associated solutions in the
real time domain can be determined through a numerical inversion
of the Laplace transform. The question is now ‘‘can the singular
orders daðtÞ and the stress intensity factors kðtÞ in the time domain
be determined through the Laplace inversion of dsaðsÞ and ksðsÞ?’’ If
the near-tip solutions in the time domain can also be written in
the matrix power function form such as (4.4a), we obtainrðr;0; tÞ ¼ 1ﬃﬃﬃﬃﬃﬃﬃﬃ
2p‘
p ðr=‘ÞDðtÞkðtÞ ð4:6Þ
and the stress intensity factors kðtÞ in the time domain are deﬁned
as
kðtÞ ¼ lim
r!0
ﬃﬃﬃﬃﬃﬃﬃﬃ
2p‘
p
ðr=‘ÞDðtÞrðr;0; tÞ; ð4:7aÞ
or
KII
KI
KIII
8><
>:
9>=
>; ¼ limr!0
ﬃﬃﬃﬃﬃﬃﬃﬃ
2p‘
p
ðr=‘ÞDðtÞ
rrhðr; h; tÞ
rhhðr; h; tÞ
rh3ðr; h; tÞ
8><
>:
9>=
>;
h¼0
; ð4:7bÞ
where KII;KI;KIII are the stress intensity factors of the shearing
mode, opening mode and tearing mode, respectively. By including
the non-singular terms, equating (4.6) with the inversion of (4.4a)
leads to
ðr=‘ÞDðtÞkðtÞ þ nonsingular terms
¼ L1fðr=‘ÞDsðsÞksðsÞ þ nonsingular termsg: ð4:8Þ
Because too many unknown factors appear in relation (4.8), it is not
easy to obtain the direct relations between daðtÞ;kðtÞ and
dsaðsÞ;ksðsÞ. From the relations obtained in (2.19) and after several
numerical trials on interface corner problems, we propose
sda ¼ dsa; sD ¼ Ds; sV ¼ Vs; sK ¼ Ks; k ¼ ks; ð4:9Þ
where V  Vðh; tÞ and K  Kðh; tÞ are the eigenfunction matrices of
the displacements and stress functions in the time domain, and K
is related to the matrix of singular orders DðtÞ by
DðtÞ ¼ Kð0; tÞ < daðtÞ > K1ð0; tÞ: ð4:10Þ
Generally, the singular orders, the stress intensity factors, and
their associated eigenfunction matrices are related to the material
properties for interface corners. These parameters are independent
of the material properties only for certain special cases, such as for
a crack in a homogeneous material. The proposed relations (4.9)14
primarily arise from the facts that the singular orders da and their
associated eigenfunction matrices V and K for cracks in homoge-
neous linear isotropic elastic materials are independent of the
material properties. Knowing that the material properties of visco-
elastic materials in the Laplace domain are functions of s, and
Lfag ¼ a=s if a is a constant, thus, to keep the facts that da;V;K of
cracks are independent of s, the most possible relations should
be those proposed in (4.9)14. Through the numerical veriﬁcation,
it will be shown in Section 7 that these relations are also applicable
to general interface corners whose da;V, and K may be dependent
on the material properties. As to the relation (4.9)5 for the stress
intensity factors, it simply arises from the correspondence princi-
ple for stresses.To verify the correctness of the relations (4.9), four
different approaches for calculating the stress intensity factors are
proposed in the following section. The comparison of these four
different approaches will then be presented in Section 7 through
several numerical examples of interface corners and cracks.
5. Calculation of stress intensity factors in the time domain
It has been shown in our previous studies (Hwu and Kuo, 2007;
Hwu, 2012) that the path-independent H-integral is a stable and
efﬁcient method for calculating the general mixed mode stress
intensity factors for the interface corners between two dissimilar
anisotropic elastic materials. In this section, we attempt to extend
this method to the interface corners of viscoelastic materials. To
illustrate the applicability of the H-integral to the cases with visco-
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materials presented in Hwu (2012). In that study, the vector of the
stress intensity factors kwas related to the vector of the H-integral
h by
KII
KI
KIII
8><
>:
9>=
>; ¼ k ¼ KH1h; h ¼
H1
H2
H3
8><
>:
9>=
>;; ð5:1aÞ
where
H ¼
Z hn
h0
½K^0TðhÞVðhÞ  V^TðhÞK0ðhÞdh;
Hk ¼
Z
C
ðuT t^k  u^TktÞdC:
ð5:1bÞ
In (5.1), the prime 0 means the derivative with respect to the polar
angle h; the overhat stands for the values of the auxiliary system;
VðhÞ and KðhÞ are eigenfunction matrices of the displacements
and stress functions, respectively, whose detailed expressions can
be found in Hwu (2012). u and t of (5.1b)2 are the displacement vec-
tor and traction vector of the actual system, which can be obtained
using any appropriate method, such as ﬁnite element, boundary
element, or experimental testing, and u^k and t^k are those of the aux-
iliary system, which have been selected to be
u^kðr; hÞ ¼
ﬃﬃﬃﬃﬃﬃﬃﬃ
2p‘
p
r
V^ðhÞ < ð1 daÞðr=‘Þda > ik;
t^kðr; hÞ ¼ @r@h /^kðr; hÞ ¼
ﬃﬃﬃﬃﬃﬃﬃﬃ
2p‘
p
r2
K^0ðhÞ < ð1 daÞðr=‘Þda > ik;
ð5:2aÞ
where
i1 ¼
1
0
0
8><
>:
9>=
>;; i2 ¼
0
1
0
8><
>:
9>=
>;; i3 ¼
0
0
1
8><
>:
9>=
>;: ð5:2bÞ
To employ relation (5.1) to the cases of viscoelastic materials, the
following questions should be clariﬁed. (1) If k is the vector of the
time domain stress intensity factors kðtÞ, how to obtain the singular
order daðtÞ, and the eigenfunction matrices of displacements and
stress functions, Vtðh; tÞ and Ktðh; tÞ, of both the actual and auxiliary
systems for the interface corners with viscoelastic materials in the
time domain because these values are required to calculate H
and Hk from (5.1b). (2) If k is the vector of the Laplace domain stress
intensity factors, ksðsÞ, how to obtain the singular order dsaðsÞ, and
the eigenfunction matrices of displacements and stress functions
Vðh; sÞ and Kðh; sÞ of both the actual and auxiliary systems in the La-
place domain. Additionally, how to invert ksðsÞ to obtain the real
time domain stress intensity factors, kðtÞ. To clarify these two ques-
tions, we propose relations (4.9) and the use of the following four
approaches to prove that the relations (4.9) are correct. These four
approaches and all of the values required to calculate the time do-
main stress intensity factors in (5.1a) and (5.1b), or in (4.7) are de-
scribed as follows.
Approach 1: time domain H-integral with elastic near-tip solution
(1) daðtÞ: the singular orders at time t calculated from the eigen-
relation shown in Hwu and Kuo (2007) for the interface cor-
ners whose elastic constants are CijklðtÞ. That is, in this
approach at each particular time t, the materials are treated
as elastic materials rather than viscoelastic materials. Thus,
the obtained singular orders are those of the elastic interface
corners without considering the time history of viscoelastic
materials, which may be different from the actual singular
orders of viscoelastic interface corners. One may see the dif-
ference from the numerical results shown in Section 7.(2) VðhÞ ¼ Vðh; tÞ and KðhÞ ¼ Kðh; tÞ: the eigenfunction matrices
of displacements and stress functions associated with the
singular orders daðtÞ; a ¼ 1;2;3 of the interface corners
whose elastic constants are CijklðtÞ.
(3) V^ðhÞ ¼ V^ðh; tÞ and K^ðhÞ ¼ K^ðh; tÞ: the auxiliary eigenfunction
matrices of displacements and stress functions associated
with the singular orders 2 daðtÞ instead of daðtÞ for the
interface corners whose elastic constants are CijklðtÞ.
(4) K ¼ Kð0; tÞ: calculated by Kðh; tÞ obtained in step (2) with
h ¼ 0.
(5) t^k ¼ t^kðr; h; tÞ; u^k ¼ u^kðr; h; tÞ: calculated by (5.2) with daðtÞ
obtained in step (1), and V^ðhÞ and K^ðhÞ obtained in step (3).
(6) t ¼ tðr; h; tÞ; u ¼ uðr; h; tÞ: the displacement vector and
traction vector of the actual system, which are obtained
from the ANSYS ﬁnite element software with the element
PLANE183 using viscoelastic properties.
(7) k ¼ kðtÞ: calculated from (5.1).
Approach 2: time domain H-integral with viscoelastic near-tip
solution
(1) daðtÞ: obtained from the presumed relation (4.9)1, sda ¼ dsa.
That is,daðtÞ ¼ L1 1s d
s
aðsÞ
 
; ð5:3Þ
where dsaðsÞ; a ¼ 1;2;3 are the singular orders of the inter-
face corners whose elastic constants are sCijklðsÞ.(2) VðhÞ ¼ Vðh; tÞ and KðhÞ ¼ Kðh; tÞ: obtained from the pre-
sumed relation (4.9)3,4, sV ¼ Vs and sK ¼ Ks. That is,Vðh; tÞ ¼ L1 1
s
Vsðh; sÞ
 
; Kðh; tÞ ¼ L1 1
s
Ksðh; sÞ
 
; ð5:4Þ
where Vsðh; sÞ and Ksðh; sÞ are the eigenfunction matrices of
the displacements and stress functions associated with the
singular orders dsaðsÞ; a ¼ 1;2;3 of the interface corners
whose elastic constants are sCijklðsÞ.(3) V^ðhÞ ¼ V^ðh; tÞ and K^ðhÞ ¼ K^ðh; tÞ: obtained from the pre-
sumed relation (4.9)3,4, sV ¼ Vs and sK ¼ Ks. That is,V^ðh; tÞ ¼ L1 1
s
V^sðh; sÞ
 
; K^ðh; tÞ ¼ L1 1
s
K^sðh; sÞ
 
; ð5:5Þ
where V^sðh; sÞ and K^sðh; sÞ are the auxiliary eigenfunction
matrices of the displacements and stress functions associated
with the singular orders 2 dsaðsÞ;a ¼ 1;2;3 of the interface
corners whose elastic constants are sCijklðsÞ.(4) –(7): same statements as those described in approach 1.
Note that although the statements are the same, all the cor-
responding values calculated by this approach will be differ-
ent from those calculated using approach 1 because the
associated values of daðtÞ;VðhÞ;KðhÞ; V^ðhÞ; K^ðhÞ calculated
from steps (1)–(3) are different.
Approach 3: Laplace domain H-integral with elastic near-tip solution
(1) da ¼ dsaðsÞ: the singular orders in the Laplace domain for the
interface corners whose elastic constants are sCijklðsÞ.
(2) daðtÞ: Same as step (1) in Approach 2.
(3) VðhÞ ¼ Vsðh; sÞ and KðhÞ ¼ Ksðh; sÞ: the eigenfunction matri-
ces of the displacements and stress functions associated
with the singular orders dsaðsÞ; a ¼ 1;2;3 of the interface
corners whose elastic constants are sCijklðsÞ.
(4) V^ðhÞ ¼ V^sðh; sÞ and K^ðhÞ ¼ K^sðh; sÞ: the auxiliary eigenfunc-
tion matrices of the displacements and stress functions asso-
ciated with the singular orders 2 dsaðsÞ; a ¼ 1;2;3 of the
interface corners whose elastic constants are sCijklðsÞ.
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h ¼ 0.
(6) t^k ¼ t^kðr; h; sÞ; u^k ¼ u^kðr; h; sÞ: calculated by (5.2) with da
obtained in step (1), and V^ðhÞ and K^ðhÞ obtained in step (4).
(7) t ¼ tðr; h; sÞ; u ¼ uðr; h; sÞ: the displacement vector and
traction vector of the actual system, which are obtained
from the ANSYS ﬁnite element software with the element
PLANE183 using the elastic properties sCijklðsÞ.
(8) k ¼ kðtÞ: obtained from the presumed relation (4.9)5,
k ¼ ks. That is,kðtÞ ¼ L1 ksðsÞf g; ð5:6Þ
where ksðsÞ is calculated by (5.1) using the values obtained in
steps (1)–(7).
Approach 4: time domain deﬁnition of the stress intensity factors
(1) KðhÞ ¼ Kðh; tÞ: take the results from step (2) of Approach 2.
(2) daðtÞ: the singular orders at time t calculated by solving the
following nonlinear least squares problem.Minimize f ðxÞ ¼
Pm
k¼1½gkðxÞ2Pm
k¼1½r2rhðrkÞ þ r2hhðrkÞ þ r2h3ðrkÞ
; ð5:7aÞ
where
½gkðxÞ2 ¼ ½gð1Þk ðxÞ2 þ ½gð2Þk ðxÞ2 þ ½gð3Þk ðxÞ2: ð5:7bÞ
In (5.7a), m is the number of the data points used to ﬁt the
stress curves near the corner tip, and the residuals
gðiÞk ðxÞ; i ¼ 1;2;3 of the stresses are nonlinear functions of x
deﬁned by
gð1Þk ðxÞ ¼ frrhðrkÞ  ½c1rd1k k11 þ c2rd2k k12 þ c3rd3k k13g;
gð2Þk ðxÞ ¼ frhhðrkÞ  ½c1rd1k k21 þ c2rd2k k22 þ c3rd3k k23g;
gð3Þk ðxÞ ¼ frh3ðrkÞ  ½c1rd1k k31 þ c2rd2k k32 þ c3rd3k k33g:
ð5:8Þ
kij; i; j ¼ 1;2;3 are the components of the eigenfunction ma-
trix K ¼ Kð0; tÞ. rrhðrkÞ; rhhðrkÞ; rh3ðrkÞ are the stresses at
r ¼ rk; h ¼ 0 of the actual system, which are obtained from
the ANSYS ﬁnite element software with the element
PLANE183 using the viscoelastic properties. The design vari-
ables x of the nonlinear least squares problem are the coefﬁ-
cients ca and the singular orders da at time t, i.e.,
x ¼ ðc1; c2; c3; d1; d2; d3Þ: ð5:9Þ
Note that if there are complex numbers in kij, then the singu-
lar orders and their associated coefﬁcients may also have
complex values. To obtain real values for the stresses, these
complex numbers should appear in pairs with their complex
conjugates. Hence, we may set ki2 ¼ ki1; d2 ¼ d1 and c2 ¼ c1,
while the variables ki3; d3; c3 are real. Thus, the design vari-
able x of the nonlinear least squares problem becomes
x ¼ ðcR; cI; c3; dR; e; d3Þ; ð5:10Þ
where cR and cI are the real and imaginary parts of c1, and dR
and e are the real and imaginary parts of d1, i.e.,
c1 ¼ cR þ icI; d1 ¼ dR þ ie: ð5:11Þ
If the design variables are allowed to be complex, to expedite
the convergence rate, the ½gkðxÞ2 in (5.7b) is suggested to be
modiﬁed as
½gkðxÞ2 ¼ ½gð1Þk ðxÞ þ igð2Þk ðxÞ2 þ ½gð3Þk ðxÞ2; ð5:12aÞ
where
x ¼ ðc1; c3; d; d3Þ; c1; d : complex; c3; d3 : real: ð5:12bÞIn this study, the Gauss–Newton algorithm is employed to
solve (5.7), i.e., the design variables are updated by (Kelley,
1999)xkþ1 ¼ xk  J1k gk; ð5:13aÞ
where
gk ¼ 2GTkgk; Jk ¼ 2GTkGk ð5:13bÞ
and
gk ¼
g1ðxkÞ
g2ðxkÞ
..
.
gmðxkÞ
8>><
>>:
9>>=
>>;
; Gk ¼
@g1
@x1
@g1
@x2
	 	 	 @g1
@x6
@g2
@x1
@g2
@x2
	 	 	 @g2
@x6
..
. ..
. 	 	 	 ...
@gm
@x1
@gm
@x2
	 	 	 @gm
@x6
2
6666664
3
7777775
x¼xk
ð5:13cÞ(3) kðtÞ: calculated from the following relation (Hwu, 2012)
k ¼
ﬃﬃﬃﬃﬃﬃﬃﬃ
2p‘
p
K < ‘da > c; ð5:14Þ
where c is a 3 1 vector of coefﬁcients ca.Remarks
(1) In general, the solutions obtained from Approach 1 are not for
viscoelastic materials because the da;V and K obtained in this
approach are those of elastic interface corners without considering
the time history of viscoelastic materials. The solutions of this
approach shown in the numerical examples are simply for refer-
ence to illustrate the time effects of viscoelastic properties.
(2) Approach 2 uses the correspondence relations for da;V and K,
whereas Approach 3 uses the correspondence relation for k alone.
The results from these two approaches can be compared with each
other to assess the correctness of the overall relationships.
(3) Approach 4 assumes that the eigenfunction K is known.
Although the eigenfunction may be related to the calculation of
the stress intensity factors, it does not inﬂuence the determination
of the singular orders. Therefore, the singular orders calculated
using this approach will not be inﬂuenced by the presumed corre-
spondence relations and will become an important check for the
other approaches. However, due to the inaccuracy and instability
of the near-tip solutions obtained from ﬁnite element modeling,
the solutions calculated using Approach 4 may not be exactly the
same as the analytical solutions provided for the special cases.
6. Numerical inversion of the Laplace transform
In the descriptions of Approaches 2 and 3, some values in the
real time domain were determined through the numerical inver-
sion of the Laplace transform. To demonstrate how to numerically
perform the Laplace inversion, Schapery’s collocation method
(Schapery, 1962), which is the most common technique employed
for viscoelastic problems, is brieﬂy presented in this section. If a
function f ðtÞ is approximately represented by
f ðtÞ ¼ Aþ Bt þ
Xn
k¼1
akebkt ; ð6:1Þ
where A; B; ak and bk are constants in time and n is an arbitrary
number of terms in the exponential series, the Laplace transform
of (6.1) yields
sf ðsÞ ¼ Aþ B
s
þ
Xn
k¼1
aks
sþ bk : ð6:2Þ
If the function values in the Laplace domain are calculated for a se-
quence of values s ¼ s1; s2; . . . ; snþ2, and the powers of the exponen-
tial function in (6.1), bk, are assumed to be equal to sk, then a system
2W 
W 
W 
2x
r 
θ
Mat. 1 
Mat. 2 
1x
W 
2a 
a 
0σ
0σ
a=1mm, 
a/W=1/30, 
σ0=10MPa. 
Fig. 2. A center interface crack between two dissimilar materials.
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known constants A; B, and ak; k ¼ 1;2; . . . ;n. The function values in
the time domain can therefore be calculated from (6.1). In the
numerical examples discussed in Section 7, the values of sk are se-
lected as
sk ¼ 10612ði1Þ=ðnþ1Þ; i ¼ 1;2; . . . ;nþ 2; ð6:3Þ
which will range sk from 10
6 to 106.
7. Numerical examples
In Section 5, four different approaches were proposed for calcu-
lating the stress intensity factors in the time domain. From the re-
marks presented at the end of Section 5, we know that if the
numerical results from Approaches 2, 3, and 4 are close to each
other, the correctness of the correspondence relations proposed
in (4.9) can be veriﬁed. It is hypothesized that the results from Ap-
proach 1 may be different from those of the other three approaches
and that the results from Approach 4 may encounter problems of
inaccuracy and instability. To demonstrate their actual perfor-
mance, three representative examples are presented in this sec-
tion. These examples include cracks, interface cracks, and
interface corners in viscoelastic materials. To obtain the actual
physical quantities for each example, the commercial ﬁnite ele-
ment software ANSYS with a 2D 8-Node structural solid element
PLANE183 is employed in this study. To input the viscoelastic
material properties, the shear and bulk relaxation moduli are ex-
pressed with a 2-term Prony series expansion and then written
into the ANSYS data table using the TB,PRONY command. In Ap-
proach 3, the element PLANE183 is used without the setting of
the Prony series to perform the elastic analysis, whose material
properties are sCijklðsÞ. The generalized plane strain condition is as-
sumed for all examples. All of the applied loads are considered to
be the type of the Heaviside step function, i.e., rðtÞ ¼ HðtÞr0, where
r0 is the applied constant load starting from time t = 0. As de-
scribed in Section 5, depending upon the selected approach, the
numerical results will be inﬂuenced by (1) element meshes
(Ap.1–4), (2) integral paths (Ap.1–3), (3) number of terms in the
exponential series, n, for Schapery’s collocation method (Ap.2,3),
and (4) number of data points m used in the optimization of non-
linear least squares (Ap.4). To provide the best results for each ap-
proach, discussions on these four issues are described below.
(1) Through the convergence test, in Approaches 1–3, the maxi-
mum number of elements used for Examples 1, 2, and 3 are
3791, 7582, and 2220, respectively. Because the accuracy of the
solutions from Approach 4 depends on the correctness of the
near-tip solutions obtained from the ﬁnite element analysis, very
ﬁne meshes are used in this approach, which are 111889,
619792, and 246402 for Examples 1, 2, and 3, respectively. To save
the modeling process, through the symmetry of the problems con-
sidered in the examples, a one-quarter model, a half model, and a
complete model are employed to implement the ﬁnite element
analysis in Examples 1, 2, and 3, respectively.
(2) To calculate the value of the H-integral from (5.1b)2, by the
study of path independency, a circular path with radius r=a ¼ 0:6
is selected for Examples 1 and 2, whereas r=h ¼ 0:6 is selected
for Example 3.
(3) To determine appropriate terms for the numerical inversion of
the Laplace transform, an interface crack, which is shown later in
Example 2 (see Fig. 2), is employed to examine the dependence
and convergence on series terms n. Theoretically, the larger the
term n we choose, the better inversion we obtain. However, based
on the convergent test shown in Figs. 3(a) and (b), 4(a) and (b), we
see that (i) the singular orders gradually converge when nincreases from 4 to 39 and (ii) the stress intensity factors converge
when n increases from 4 to 19 but diverge when n ¼ 39. Cost and
Becker (1970) reported that it is possible that a large value of n
may worsen the inversion due to the appearance of a considerable
amount of rounding errors. Thus, based upon the convergence test
results shown in Figs. 3(a) and (b), 4(a) and (b), the value n ¼ 19 is
selected in Approaches 2 and 3 to perform all the following
examples.
(4) To provide an appropriate numberm of data points for the non-
linear least squares method of Approach 4, an interface crack,
which is shown later in Example 2, is employed to examine the
dependence and convergence on data points. Because the singular
effect dominates the stress behavior in the neighborhood of a cor-
ner tip and gradually fades as the evaluation point moves far away
from the corner tip, the range of rk in (5.8) should not be too large
and is selected as 0 < rk=a 6 1; a=1 mm in which rk/a is arranged as
rk=a ¼ p
k=ðm1Þ  1
pm=ðm1Þ  1 ; k ¼ 0;1;2; . . . ;m; ð7:1Þ
wherem also denotes the number of divisions between 0 and 1; p is
the ratio of the ﬁnal division to the ﬁrst division, i.e.,
p ¼ ðrm  rm1Þ=ðr1  r0Þ, which is set to be 4000. The singular or-
ders and stress intensity factors versus different values of m are
shown in Figs. 5 and 6. From these two ﬁgures, we see that the con-
vergent results are obtained when m approaches 2000, which is
then the number of data points selected for Approach 4 to perform
all of the following examples.
Example 1: A crack in a homogeneous viscoelastic material
Consider a central crack with crack length of 2a in a square plate
subjected to a uniform tension of r0 at two opposite edges (Fig. 7).
If the plate size is inﬁnite and is composed of homogeneous linear
isotropic elastic materials, the analytical solutions of the singular
orders and stress intensity factors are (Broek, 1974; Anderson,
1995)
d1 ¼ d2 ¼ d3 ¼ 0:5; KI ¼ r0
ﬃﬃﬃﬃﬃﬃ
pa
p
; KII ¼ KIII ¼ 0: ð7:2Þ
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Fig. 3. Comparison of the series terms (n) used in the numerical Laplace inversion
for orders of stress singularity: (a) dRðtÞ, (b) eðtÞ.
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Fig. 4. Comparison of the series terms (n) used in the numerical Laplace inversion
for the stress intensity factors: (a) KIðtÞ, (b) KIIðtÞ.
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Fig. 5. Comparison of the number of data points (m) used in the nonlinear least
squares for orders of stress singularity dRðtÞ þ ieðtÞ.
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als, and following the derivation stated in (4.1)–(4.5), we obtain the
singular orders and stress intensity factors in the Laplace domain as
ds1 ¼ ds2 ¼ ds3 ¼ 0:5; KsI ¼
r0
s
ﬃﬃﬃﬃﬃﬃ
pa
p
; KsII ¼ KsIII ¼ 0: ð7:3Þ
If the presumed correspondence relations (4.9) are correct, the sin-
gular orders and stress intensity factors in the time domain can be
obtained as
d1 ¼ d2 ¼ d3 ¼ L1f0:5=sg ¼ 0:5;
KI ¼ L1fr0
ﬃﬃﬃﬃﬃﬃ
pa
p
=sg ¼ r0
ﬃﬃﬃﬃﬃﬃ
pa
p
; KII ¼ KIII ¼ 0;
ð7:4Þ
which are the same as the results of cracks in elastic materials (7.2).
To determine whether the presumed correspondence relations
(4.9) are correct for this special case, four different approaches,
which were outlined in Section 5, are employed to numerically
solve this problem. To simulate an inﬁnite plate, the plate width
2W is selected to be 30 times the crack size 2a. The mechanical
properties of the viscoelastic materials can be described by (3.22)
with
m ¼ 0:3; G0 ¼ 5:807 GPa; G1 ¼ 2:652 GPa; x ¼ 10 s:
Knowing that j ¼ 2Gð1þ mÞ=ð3ð1 2mÞÞ, we have
GðtÞ ¼ 2:652þ 3:155et=10; jðtÞ ¼ 5:746þ 6:836et=10
from which the data for the Ansys Prony series can be obtained.
Without further description, similar process can be employed for
the other types of viscoelastic materials stated in the following
examples. Figs. 8 and 9 present the numerical results of the singular
orders and stress intensity factors calculated from the four different
approaches and Eq. (7.4). Excellent consistency is observed in Fig. 8for the results of the singular orders, whereas a small discrepancy
occurs in Fig. 9 for the results of the stress intensity factors. Among
the values within 120 s, the maximum difference occurs for the val-
ues calculated using Approach 1 and Approach 4, which is 6.9% at
time t = 20 s. The value calculated using Approach 3 is the closest
to the value obtained from the analytical solution (7.4).
Example 2: An interface crack
Consider an interface crack between two dissimilar viscoelastic
materials. The loading and geometry of this problem are shown in
Fig. 2. If the plate size is inﬁnite and the presumed correspondence
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Fig. 6. Comparison of the number of data points (m) used in the nonlinear least
squares for the stress intensity factors KIðtÞ;KIIðtÞ.
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Fig. 7. A center crack in a homogeneous material.
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Fig. 9. Normalized mode I stress intensity factor for a center crack.
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(7.2)–(7.4), the analytical solutions for the singular orders and
stress intensity factors of this example can be obtained as follows.
Solution for elastic materials (Rice, 1988; Hwu, 1993)
d1 ¼ 0:5þ ie; d2 ¼ 0:5 ie; d3 ¼ 0:5;
KI ¼ r0
ﬃﬃﬃﬃﬃﬃ
pa
p
cos e ln
2a
‘
	 

 2e sin e ln 2a
‘
	 
 
;
KII ¼ r0
ﬃﬃﬃﬃﬃﬃ
pa
p
sin e ln
2a
‘
	 

 2e cos e ln 2a
‘
	 
 
;
ð7:5aÞ
where
e ¼ 1
2p
ln
G1 þ G2j1
G2 þ G1j2 : ð7:5bÞSolution for viscoelastic materials in the Laplace domain
ds1 ¼ 0:5þ ies; ds2 ¼ 0:5 ies; ds3 ¼ 0:5;
KsI ¼
r0
s
ﬃﬃﬃﬃﬃﬃ
pa
p
cos es ln
2a
‘
	 

 2es sin es ln 2a
‘
	 
 
;
KsII ¼ 
r0
s
ﬃﬃﬃﬃﬃﬃ
pa
p
sin es ln
2a
‘
	 

 2es cos es ln 2a
‘
	 
 
;
ð7:6aÞ
where
es ¼ 1
2p
ln
G1 þ sG2 j1
G2 þ sG1 j2
: ð7:6bÞSolution for viscoelastic materials in the time domain
d1 ¼ 0:5þ ie; d2 ¼ 0:5 ie; d3 ¼ 0:5;
KI ¼ L1 r0s
ﬃﬃﬃﬃﬃﬃ
pa
p
cos es ln
2a
‘
	 

 2es sin es ln 2a
‘
	 
  
;
KII ¼ L1 r0s
ﬃﬃﬃﬃﬃﬃ
pa
p
sin es ln
2a
‘
	 

 2es cos es ln 2a
‘
	 
  
;
ð7:7aÞ
where the es of (7.7a)4,5 is given in (7.6b) and the e of (7.7a)1,2 is
e ¼ L1 1
2ps ln
G1 þ sG2j1
G2 þ sG1j2
( )
: ð7:7bÞ
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mechanical properties of the constituent materials are described
by (3.22) withMat:1 : m ¼ 0:3; G0 ¼ 5:807 GPa; G1 ¼ 2:652 GPa; x ¼ 10 s;
Mat:2 : m ¼ 0:25; G0 ¼ 2:0 GPa; G1 ¼ 0:667 GPa; x ¼ 1=3 s:
The results for the real part, dRðtÞ, and the imaginary part, eðtÞ,
for the singular order calculated using the four different ap-
proaches and Eq. (7.7) are shown in Fig. 10. Good agreement is ob-
served between the different approaches, and the maximumt [sec.]
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Fig. 10. Orders of stress singularity for an interface crack.
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Fig. 11. Normalized stress intensity factors for an interface crack: (a) KIðtÞ, (b) KIIðtÞ.difference also occurs for the values calculated from Approach 1
and Approach 4, which is 6.7% for eðtÞ at time t = 30 s. For the stress
intensity factors, the results presented in Figs. 11(a) and (b) reveal
that the maximum difference in the values of KIðtÞ is 10.1% at
t = 1 s, and that of KIIðtÞ is 14.2% at t = 30 s, and both of these values
are the difference between Approach 1 and Approach 4. Again, the
value calculated from Approach 3 is the closest to the value ob-
tained from the analytical solution (7.7).
Example 3: an interface corner
Consider an interface corner between a viscoelastic material
and an elastic material. The material above the interface is a visco-
elastic material whose properties are the same as Mat. 2 of Exam-
ple 2, whereas the material below the interface is an elastic
material whose Young’s modulus and Poisson’s ratio are
E ¼ 85 GPa; m ¼ 0:3:
The loading, geometry, and boundary conditions of this problem are
shown in Fig. 12. The reference length is selected to be ‘ ¼ 10h ¼
10 mm for this example.
Fig. 13 reveals that the singular orders calculated using the dif-
ferent approaches are in good agreement with each other, whereas
Figs. 14(a) and (b) reveal that a large discrepancy occurs for the
values of KIðtÞ calculated from Approach 1 and KIIðtÞ calculated
from Approach 4. As stated in the remarks of Section 5, Approach
1 does not consider the time history of viscoelastic materials,
and Approach 4 may encounter the problems of inaccuracy and
instability of near-tip solutions. Thus, the good agreement between
Approaches 2 and 3, which are not too different from Approaches 1
and 4, should be sufﬁcient to support the correspondence relations
and H-integral proposed in this paper.b
α
h
W
2
L
2
L
1x
2x
Mat. 1 
Mat. 2 
A 
0σ
Fig. 12. An edge interface corner between two dissimilar materials.
(b ¼ 5 mm; b=W ¼ 1=3; h=W ¼ 1=15; b=L ¼ 1=18; a ¼ 30
; r0 ¼ 10 MPa).
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For comparison and for the use of ANSYS, only isotropic visco-
elastic materials were considered in the previous examples. To
demonstrate that the proposed technique is applicable not only
to isotropic viscoelastic materials but also to general anisotropic
viscoelastic materials, the interface corner (Fig. 12) from Example
3 is considered again using three different material combinations.
In this example, the material above the interface is an anisotropic
viscoelastic material (denoted by ANI) whose properties aret [sec.]
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Fig. 13. Orders of stress singularity for an interface corner.
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Fig. 14. Normalized stress intensity factors for an interface corner: (a) KIðtÞ, (b)
KIIðtÞ.CijðtÞ ¼ C1ij þ ðC0ij  C1ij Þet=10;
C1ij ¼ 0:5C0ij; C0ij ¼ C0ji; i; j ¼ 1;2;3;4;5;6;C011 ¼ C022 ¼ 117:16; C012 ¼ 104:75; C033 ¼ 136:537;C013 ¼ C023 ¼ 66:426; C016 ¼ C026 ¼ 8:511; C036 ¼ 1:926;C044 ¼ C055 ¼ 6:205; C066 ¼ 42:603; other C0ij ¼ 0; ðunit : GPaÞ;
whereas the material below the interface is an isotropic viscoelastic
material with a constant bulk modulus, whose properties are
ISO1 : GðtÞ ¼ 39þ 354e10t GPa; j ¼ 852 Gpa;or ISO2 : GðtÞ ¼ 5 ð39þ 354e10tÞ GPa; j ¼ 5 852 GPa;or ISO3 : GðtÞ ¼ 10 ð39þ 354e10tÞ GPa; j ¼ 10 852 GPa:
The three different combinations are then made by case 1: ANI/
ISO1, case 2: ANI/ISO2, case 3: ANI/ISO3.
Note that to illustrate the inﬂuence of the different materials on
the fracture parameters, the properties of the constituent materials
were artiﬁcially created. To perform the anisotropic viscoelasticity
analysis, the actual physical quantities were calculated using the
BEM developed by our research group (Chen and Hwu, 2011) be-
cause the ANSYS can only be applied to isotropic viscoelastic mate-
rials. Furthermore, based on the results of the previous examples,
we selected Approach 3 in this example to calculate the singular
orders and stress intensity factors.t [sec.]
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Fig. 15. Orders of stress singularity for three different combinations of interface
corners: (a) dRðtÞ, (b) eðtÞ.
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Fig. 16. Stress intensity factors for three different combinations of interface
corners: (a) KIðtÞ, (b) KIIðtÞ.
T.-L. Kuo, C. Hwu / International Journal of Solids and Structures 50 (2013) 710–724 723Figs. 15 and 16 present the singular orders and stress intensity
factors for these three different combinations. It was observed that
both the real part and the imaginary part of the singular order, dRðtÞ
and eðtÞ, have the same decreasing trend with time, and their val-
ues follow the order of case 3 > case 2 > case 1. This result agrees
with our engineering intuition that the singular order will increase
if the difference between two dissimilar materials increases. For
the stress intensity factors, different trends occur for the mode I
and mode II stress intensity factors. Although this phenomenon
does not appear to be consistent with engineering intuition, a sim-
ilar phenomenon is observed in Fig. 11 for the case of interface
cracks. For this simpliﬁed case, the analytical solution (7.7) with
‘ ¼ 2a leads to
KI ¼ L1fr0
ﬃﬃﬃﬃﬃﬃ
pa
p
=sg; KII ¼ L1f2esr0
ﬃﬃﬃﬃﬃﬃ
pa
p
=sg;
which indicates that KI is independent of the material properties
and KII is related to the material properties through the appearance
of es. Because the values of the stress intensity factors will be inﬂu-
enced by the selection of the reference length, further studies are
required to determine whether the reference length is simply an
auxiliary parameter or a material property for the general interface
corners.
8. Conclusions
Through mathematical derivation and numerical veriﬁcation,
several new results obtained in this paper can now be summarized
as follows.
(1) Eq. (2.14): The general solutions for two-dimensional linear
anisotropic viscoelasticity in the time domain.(2) Eq. (2.19): The correspondence relations for the material
eigenvector matrices A, B, and complex function vector f
for general viscoelastic problems.
(3) Eq. (3.10): The material eigenvalues la are independent of
time for standard linear viscoelastic solids.
(4) Eq. (3.11): The explicit solutions for the material eigenvector
matrices AsðsÞ and BsðsÞ in the Laplace domain for standard
linear viscoelastic solids.
(5) Eqs. (3.17) and (3.18): The explicit solutions for material
eigenvalues, la, and material eigenvector matrices, AsðsÞ
and BsðsÞ, in the Laplace domain for isotropic linear visco-
elastic solids.
(6) Eq. (3.21): Simpliﬁed results of Srij for the special type of iso-
tropic linear viscoelastic solid whose bulk modulus is
constant.
(7) Eq. (3.24) and (3.25): Simpliﬁed results of Srij;AsðsÞ and BsðsÞ
for the special type of isotropic linear viscoelastic solid
whose Poisson’s ratio is constant.
(8) Eq. (4.9): The correspondence relations of fracture parame-
ters such as the singular orders da, matrix of singular orders
D, eigenfunction matrices of displacements and stress func-
tions V and K, and stress intensity factors k.
(9) Section 5: Four different approaches for calculating the sin-
gular orders and stress intensity factors in the time domain.
The numerical examples presented in Section 7 reveal that
Approach 3 provides the best results for the singular orders
and stress intensity factors in the time domain for the prob-
lems of interface corners of viscoelastic materials.
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